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The effects of periodic parametric perturbations on a system undergoing Hopf 
bifurcation are studied in detail. Of primary interest is the case of resonance 
between the Hopf bifurcation frequency and the perturbation frequency. Method of 
alternative problems is used to obtain the small nonlinear periodic solutions. It is 
shown that for a certain range of parameters, the Hopf solution is modified to give 
rise to jump response as well as isolated solutions. For some parameter com- 
binations, stable solutions can get unstable and may bifurcate into aperiodic or 
amplitude modulated motions. 1’~ 1986 Academic Press, Inc. 
1. INTRODUCTION 
The phenomenon of Hopf bifurcation in dynamical systems dependent 
on some external parameters is very-well understood [ 11. In these studies 
it is invariably assumed that the external parameters are time-invariant and 
the system is, therefore, autonomous. Rosenblat and Cohen [2, 31 
remarked recently that this is, at best, a simplification of reality because, 
both, deterministic and random variations are always present in the 
environment of any physical system. For example, in the problem of panel 
flutter, random pressure fluctuations are present in the turbulent boundary 
layer. Similar situation exists in the problem of flow-induced oscillations in 
tubes [4]. These and various other examples have motivated several 
investigations into the effects of periodic perturbations on the Hopf bifur- 
cating periodic solutions. These include the works of Rosenblat and Cohen 
[3], Kath [5], Smith [6], Sinay and Reiss [7], and Strumolo [IS]. In 
most of these studies the periodic perturbations appear as external distur- 
bances. We here consider the case when the perturbations arise in the form 
of variations in external parameters. Such is the case with the above men- 
tioned problem of flow-induced oscillations in tubes. 
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Specifically, we consider dynamical systems governed by ordinary dif- 
ferential equations and dependent on some external parameters. The 
parameters undergo periodic fluctuations in whose absence the equilibrium 
point undergoes bifurcation into a limit cycle. The frequency of pertur- 
bations is taken to be near the primary parametric resonance frequency of 
the limit cycle [9]. Under these assumptions we seek to determine subhar- 
monic solutions of the system. 
There are many methods available for determining periodic solutions of 
weakly nonlinear systems. The method of alternative problems [l&12] is 
used here to study solutions of the multi parameter system. Depending on 
“detuning” and other external parameters, the system is shown to exhibit a 
variety of periodic solutions. The associated stability properties of these 
solutions are also discussed. 
It is perhaps appropriate to point out here that in the context of second- 
order systems, Nayfeh and Mook [9] have also studied subharmonic 
solutions of the parametrically excited Rayleigh oscillator. The results 
presented here are, however, much more comprehensive and interesting 
because, in a sense, both the nonlinear damping and the nonlinear stiffness 
are taken into account. In fact, some of the more interesting features arise 
only because of the presence of nonlinear stiffness. In addition, this 
generalization is essential to the study of many systems which are of order 
greater than two. One such problem is the aforementioned problem of 
flow-induced oscillations [4]. Furthermore, we emphasize the bifurcation 
nature of the problem. 
II. CLASS OF SYSTEMS 
We consider dynamical systems 
%=A(q)x+f(x,q)+o{B,cos2/h+B,sin2/?t}x (1) 
governed by ordinary differential equation in KY’, and dependent on two 
external parameters r] and (r. B, and B, are constant n x n matrices and 2/? 
is the frequency of parametric excitation. The function f is smooth in its 
arguments and the matrix A depends smoothly on 9. 
We assume that: 
(a) x = 0 is the trivial isolated solution of (1) for all values of 
parameters q and g. 
(b) The nonlinear function f is odd in x. 
(c) For 0 = 0, the system (1) undergoes Hopf bifurcation at q = 0, 
that is, as q increases past q = 0, a pair of complex conjugate eigenvalues of 
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A with negative real parts for q < 0 crosses the imaginary axis transversely 
and gets into the right half of the complex plane. Furthermore, the remain- 
ing (n - 2) eigenvalues of A for q = 0 lie in the left-half of the complex 
plane so that for q < 0, the origin x = 0 is asymptotically stable and for 
4 > 0 it is unstable. 
We intend to study the bifurcation behavior of the nonlinear system (1) for 
small values of q and c when it satisfies the above assumptions (a)-(c). 
Let 1, = 6 + iw and A2 = I, be the critical eigenvalues atisfying 
(2) 
Then, for small q and cr, parametric resonance is expected to occur [9] 
when the excitation frequency 28 is close to 20,/n, n = 1,2, 3,.... The case of 
n = 1 corresponds to what is known as “primary” parametric resonance 
and we restrict the present study to this case. 
Let o,, = j? + CI where o! represents a small “detuning” parameter. Follow- 
ing [lo], Eq. (1) can be written in the form 
i=A,x+t&v])x+dx+a(B, cos2flt+B, sin2Pt)x 
+ f(x, rl), 
where 
A,rA(O), VA(V)= A(v) - A,, 
A, = diag(A,,, AzA W) = diag(Allo, &J, 
A = diag( A,, 0), 
0 B Am= + o 9 [ 1 Am= [ r cf.5 -&t 1 7 
A,= i 0 1  -1 0’ 
(3) 
and where A,, contains the noncritical (n - 2) eigenvalues of the matrix A 
at q = 0. 
We analyze system (6) for small periodic solutions. 
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III. ALTERNATIVE PROBLEMS AND BIFURCATION EQUATIONS 
Consider the system (3). At q = c1= c = 0, the linearized system 
i=A,x (4) 
has a pair of pure imaginary eigenvalues f i/3, p > 0. Thus, the linearized 
system at criticality has a pair of periodic solutions of period 271/p. To find 
periodic solutions of (3) when q, LX, and r~ are nonzero, but small, we make 
a time scale change T = fit so that (3) is transformed to 
j?x’ = A,x + F(x, z, v], 0, ct), (5) 
where 
+ B, sin 2z)x + f(x, q), (6) 
and where prime denotes differentiation with respect o z. 
The Zlt-periodic solutions of (5) can be found using any of the standard 
methods for finding periodic solutions. Here we use the method of alter- 
native problems [ 10, 111. Since the method and the notation followed here 
are sufficiently explained in reference [lo], we do not repeat them here. 
The problem of finding 2n-periodic solutions of (5) is then, by the 
method of alternative problems, reduced to finding solutions d E R2 of the 
bifurcation equations 
(34 v, g, a) = qM,d + crM,d + oM,d + C(d) 
+ Wd2 14)+Wd2 ldl)+O(l(q, CT, r)l ldl’) 
+ O(JdJ’)=O, (7) 
where C(d) is cubic in d and it results from the lowest order term in the 
expansion of f(x). The vector d is, in the first approximation, related to the 
periodic solution x of (5) by x = @(z)d where m(z) = exp(( l/p) A,z)(e,, e2) 
and where e, and e, are unit vectors forming the natural basis of R”. 
IV. BIFURCATING PERIODIC SOLUTIONS AND THEIR STABILITY 
Equations (7) are a system of two nonlinear algebraic equations depen- 
dent on three small independent parameters q, G and u. The solutions d, 
which correspond to the subharmonic solutions of period 27c/B of (3), 
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depend on the parameters q, (r and u. Following Chow and Hale [ 121, we 
note that if C(d) = 0 implies d = 0, we can use the scaling 
d=pi$ ? = P2i, CL = $6, and (r = p2f?, O<p@l. (8) 
Equations (7) then, in the first approximation, reduce to 
fjM,a + aM,a + ciM,a + C(a) = 0. (9) 
Solutions to these equations determine the first approximation to the 2x/P- 
periodic solutions of (3). 
The reduced bifurcation equations after a few long calculations reduce to 
the quartic 
(a2+b2)A4+2{a&j-b(oi+0fj))A2+(~~)2+(c?+c5)1^1)2 
- tP( c2 + d2) = 0, (10) 
where a and b are determined by the lowest order nonlinear function, c and 
d are determined by the matrices B, and B2 and 5 and 6 are, respectively, 
the real and imaginary parts of the rate of change of the critical eigenvalue. 
Also, we have replaced a by the amplitude A and the phase 4 defined by 
d, = A cos 4, d2 = A sin 6, 
eliminated 4 and divided the resulting equation by A to remove the basic 
solution A = 0. 
The stability of bifurcating periodic solutions is determined by the Flo- 
quet theory. Using the method of alternative problems, it can be easily 
shown [4] that the critical Floquet exponents, for the nonzero periodic 
solutions, are the roots of 
A2 - 2(5ij + 2aA2)1 + 4[b2(c2 + d2) - { (56)’ + (ci + ~.5,ri)~} 
+A2{b(ii+6~)-a&j}]=O. (11) 
The Floquet exponents, which determine the stability of the zero solution, 
are governed by 
A2 - 25$ + [I(@)’ + (oi + ~34)~ - cT2(c2 +d2)] = 0. (12) 
The three equations (lo), (ll), and (12) need to be analyzed together as 
a function of the independent parameters rj, 6 and 6. Positive roots A2 of 
the quadratic (10) determine the nonzero periodic solutions. The 
corresponding roots of (11) determine their stability. Note that for each 
positive root A2 there are two identical periodic solutions that are out of 
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phase with each other by 180”. We shall not distinguish between these two 
solutions. 
In case the parametric excitation is absent (a = 0), equation (10) has a 
real solution if and only if oi = -(G -t 65/a)f and this solution is given by 
A2 = -@/a. (13) 
The corresponding Floquet exponents are 
1, =o, I, = -2gi. 
Thus, for a < 0, the bifurcating periodic solution exists for fl >O (super- 
critical) and is stable. In case a > 0, it exists for d < 0 (subcritical) and is 
unstable. We thus recover the standard results of the Hopf bifurcation 
theory. Note that the detuning oi is not arbitrary. This is, clearly, because 
the system is autonomous and the period of the periodic solution depends 
on the amplitude. 
The above discussion of the B = 0 case shows that constants a and b play 
important roles in the determination of system response. The constant a 
can be viewed as representing nonlinear damping or the van der Pol non- 
linearity and, in the absence of parametric excitation, it determines whether 
the bifurcating limit cycle is stable (a < 0) or unstable (a > 0). The constant 
b represents nonlinear stiffness similar to the one in Duffmg’s 
oscillator [9]. 
The solutions of the perturbed problem (a # 0) also depend on the con- 
stants a and 6. We assume that a # 0 so that the unperturbed problem has 
a periodic solution of finite amplitude. Let 
rs = 5illl4, 3 = d(C2 + d2)“2/lal, 6= b/la/, 
;Z = L/la/ and a= (oi+&j)/lul. 
(14) 
The basic equations (lo), (1 1 ), and (12) then reduce, respectively, to 
(1+&2)A4+2(+f-bS)A2+ij2+Z2--2=0, (15) 
x2 - 2(ij + 2A2)x + 4[cT2 - (ij2 + ii2) + A’(& &- tj)] = 0, (16) 
and 
x2 - 2$ + (rf’ + fi2 - a’) = 0. (17) 
In (15) and (16), the first sign corresponds to a > 0, and the second to 
a < 0. The parameter 6 can also assume positive and negative values. There 
are, thus, four possible cases. We need, however, study only one of them in 
detail because results for the remaining cases can be easily deduced by sim- 
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ple changes in sign of the independent parameters. The four cases and the 
corresponding transformations are: 
(I) a<o, b>O, 
(II) a>o, 6>0; q + -ij, I + -2 in (I), 
(III) a<O, b<O; E+ -Cc in (I), 
(IV) a>O, b<O; ij- -rj, cl-+ 4, 13 -2 in (I). 
The amplitude of parametric perturbation, ii, is always positive. 
Consider the case (I) (a < 0, 6> 0). From (15) it is clear that for a given 
set of parameters f, 6, and 6, there is either no solution, one real solution 
or there are two real solutions. In the cone W, defined by 
only one nonzero solution exists and it has amplitude 
A2=[(ij+Mb)+ {(l +n2)02-(~-n~)*~“*]/(l +P). (19) 
In the region B2, enclosed by the cone %?r, the planes 
%2,,:(1+6*)6*=(&-?j6)2 (20) 
and with f + 66 =O, there are two nonzero solutions. The larger of these 
two solutions is already defined in (19). The smaller one is given by 
A2= [(q-t&)- ((1 +62)C2-(c(-bij)2)1’2]/(1 +b2). (21) 
The two planes defined by (20) separate regions of no solution and two 
nonzero solutions (19) and (21). These various regions along with the 
appropriate boundaries are, in the ?j - 6 plane, shown in Fig. 1. It incor- 
porates the trivial solution A = 0 and the fact that each nonzero A2 
represents two identical but out of phase solutions. 
We now discuss the stability of these solutions. From (17) it is clear that 
for the zero solution, the sum of Floquet exponents is negative for ?j < 0 
and positive when f > 0. The product of exponents changes from positive 
to negative as we move across the cone (18). In the region L!& the zero 
solution is a saddle type. Thus, at parameter values defining the cone %, the 
zero solution bifurcates into a nonzero solution. This means that the 
instability of the zero solution is, as expected, hastened by the presence of 
parametric perturbations. Outside W, the transition at f =0 takes place 
with a complex exponent pair crossing the imaginary axis. Thus the origin 
changes from a sink to a source. 
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FIG. 1. Various regions in the rj - a parameter lane for case I. The boundaries are given 
by the curves 9,: tj2 + Cr2 = a*; y,,: 5 = tj6k 5 ,r” 1 + h2; Y: (@- 24-’ + f2 = #*; Also indicated 
are the number of solutions and their stability type in each region. Sink (Si), Source (So), 
Saddle point (Sa). 
The two planes $ and G& can be easily shown to correspond to turning 
points in the response curves. The two periodic solutions there are coin- 
cident and one exponent is necessarily zero. Inside $?* the product of 
exponents for the smaller solution (21) is always negative. Therefore this 
solution is a saddle type and unstable. 
The product of exponents for the solution (19) is positive everywhere 
except at the boundaries where the solution originates. Also, their sum on 
the boundaries Q?* and %‘i with q < 0 is negative. Therefore, near these 
boundaries the two exponents are real and negative and at least some por- 
tion of this solution branch is stable. Clearly this branch can get unstable 
only by the sum of exponents going through zero and that happens on the 
surface Y (Figure 1) defined by 
(ij6- 2c()2 + ij* = 452, (22) 
where a complex pair crosses the imaginary axis from left to right. 
We now plot the system response. A typical set of response curves as a 
function of &+ is shown in Fig. 2. These response curves have some very 
interesting features. First, note from Fig. 1 that there is no nonzero subhar- 
monic solution for Cr< -5 and the zero solution loses stability at ii=0 by 
a complex pair of exponents crossing the imaginary axis. The Hopf 
solution has, therefore, been apparently suppressed by the presence of 
parametric perturbations. This situation arises many a times in the follow- 
ing and we will comment on it a little later. 
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FIG. 2. Response curves for case I for various values of G(. 
The next simplest case for - 0 < 6 < &, is shown in Fig. 2i. Here the zero 
solution gets unstable at some q < 0 and bifurcates into a subharmonic 
solution. This subharmonic solution which, exists over only a finite interval 
in ?j, is initially stable but loses stability at some ?j > 0. This stability trans- 
ition is by a complex Floquet pair crossing the imaginary axis and again 
the Hopf solution has apparently been suppressed. 
As the parameter 6 (modified detuning) is increased (plot (ii)), a multi- 
valued region appears in the response. The lower branch is a saddle type 
and unstable. The upper branch has been stabilized to some extent. Further 
increase in Cc results, successively, in the complete stabilization of the upper 
branch (plot (iii)), the appearance of a multi-valued region on the left 
(plot (iv)), and finally, the detachment of nonzero solutions from the zero 
solution branch (plot (v)). In any case, for each of the response, the non- 
zero subharmonic solutions exist only over a finite interval in the 
parameter q. Some of these features are also present in the periodically per- 
turbed problem, as has been shown by Rosenblat and Cohen [3] and 
Kath [S]. In their works, zero is, however, not a possible solution. Also, 
pinching off and isolated solutions are not exhibited in their model, most 
likely, because of the absence of nonlinear stiffness terms. 
The analysis of periodically perturbed Hopf bifurcation by Kath [S] 
shows that for parameter values with no stable periodic response, the 
system performs amplitude modulated motions. Thus, the Hopf solution, 
instead of being suppressed, is modified to modulated motions. Works of 
Tezak, Nayfeh and Mook [13], and Bajaj [14] strongly suggest his to be 
the case in the present problem also. Such modulated motions, if they exist, 
cannot be predicted by present analysis. Bajaj [ 151 has recently analyzed a 
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FIG. 3. Response for case I along the line G( = 6tj. 
much simplified version of the present problem and has confirmed the 
existence of amplitude modulated motions. 
Response curves similar to those in Fig. 2 are obtained if the parameters - - 
f and 5 are varied simultaneously in the (q, a) plane. An interesting case 
arises when the parameters are varied along the line Cc = &j. This amounts 
to forcing and maintaining the detuning to values that correspond to the 
Hopf bifurcation. The Hopf solution then splits into two distinct solutions. 
The upper branch, which is stable, bifurcates from where the zero solution 
loses stability (Fig. 3). This result has also been derived by Rosenblat and 
Cohen [S] for the special case of 6 = 6= 0. They, however, do not point 
out the existence of the unstable smaller solution. 
Now consider the other three cases (II)-( As shown earlier, the con- 
clusions regarding solutions and their stability for these cases follow easily 
from the discussion of case (I) and no new phenomena are uncovered. 
As an example, consider the solutions for case (II). The Hopf bifurcation 
here is subcritical. The results for this case can be obtained from those for 
case (I) by replacing j by - yI and X by - 1. The parameter plot in Fig. 1, 
thus, gets reflected about cl axis, and the response curves in Fig. 2 are 
reflected about the amplitude axes. In addition, the stability conclusions for 
nonzero solutions need to be modified. Whereas saddle points remain sad- 
dle points, stable solutions become unstable and solutions unstable with 
both Floquet exponents with positive real parts become stable. The basic 
features, therefore, remain the same except that in the present case, for 
Cr > 6, there is no stable 2rc-periodic solution beyond f = 0. Stability con- 
clusions for the zero solution remain unchanged. 
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